Abstract. We prove a sharp L 2 → H 1/2 stability estimate for the geodesic X-ray transform of tensor fields of order 0, 1 and 2 on a simple Riemannian manifold.
Introduction
Let (M, g) be a smooth compact n-dimensional Riemannian manifold with boundary ∂M . We assume that (M, g) is simple, meaning that ∂M is strictly convex and that any two points on ∂M are joined by a unique minimizing geodesic. The weighted geodesic ray transform I m,κ f of a smooth covariant symmetric m-tensor field f on M is given by ( 
1.1)
I m,κ f (γ) := κ(γ(t),γ(t))f i 1 ...im (γ(t))γ
where κ is a smooth weight, γ runs over the set Γ of all unit speed geodesics connecting boundary points, and the integrand, written in local coordinates, is invariantly defined. When κ = 1, we drop the κ subscript and simply write I m . It is well known and can be checked easily that for every φ regular enough with φ = 0 on ∂M , we have dφ ∈ Ker I 1 . Similarly, for every regular enough covector field v of order m − 1 vanishing at ∂M , we have d s v ∈ Ker I m , where d s is the symmetrized covariant differential. Those differentials are called potential fields. Many works have studied injectivity of those transforms up to potential fields and stability estimates.
In the present paper, the bundle of symmetric covariant m-tensors on M will be denoted by S m M . If F is a notation for a function space (H s , C ∞ , L p , etc.), then we denote by F (M ; S m M ) the corresponding space of sections of S m M . Note that S 0 M = C and in this case we simply write F (M ) instead of F (M ; S 0 M ). The goal of this paper is to prove sharp L 2 (M ; S m M ) → H 1/2 Γ stability estimates for those transforms when m = 0, 1, 2. The Sobolev exponents 0 and 1/2 are natural in view of the properties of I m as a Fourier Integral Operator. To prove a sharp estimate, we define a suitable realization of H s Γ . Before stating the main results, we will review the known estimates first. If g = e is Euclidean, a natural parameterization of the lines in R n is by points on Σ := {(z, θ) ∈ R n × S n−1 | z · θ = 0} by z,θ = {x + tθ, t ∈ R}. One defines the Sobolev spacesH s (Σ) by using derivatives w.r.t. z only. Then, with I e 0 being the Euclidean X-ray transform on functions, (1.2) f H s (R n ) /C ≤ I e 0 f H s+1/2 (Σ) ≤ C f H s (R n ) , for every f ∈ C ∞ 0 (Ω) with Ω ⊂ R n a smooth bounded domain, see [15, Theorem II.5 .1] with C = C(s, n, Ω) (the constant on the right depends on n only). This implies the estimate for every f ∈ H s Ω , see the discussion of the Sobolev spaces in Section 3.
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Estimate (1.2) was recently proved by Boman and Sharafutdinov [3] for symmetric tensor fields of every order m for s = 0 and f replaced by the solenoidal part f s of f , which is the projection of f to the orthogonal complement of its kernel in L 2 :
, where I e m is the Euclidean ray transform of tensor fields of order m supported inΩ. In the Riemannian case, injectivity of I m up to potential fields (called s-injectivity) has been studied extensively, see, e.g., [6, 8, 11, 12, 13, 18, 22, 21, 23, 28, 24, 25, 30, 29, 31] . The first proofs of injectivity/s-injectivity of I 0 and I 1 for simple metrics in [14, 2, 1] provide a stability estimate with a loss of an 1/2 derivative. The ray transform there is parameterized by endpoins of geodesics. Another estimate with a loss of an 1/2 derivative follows from Sharafutdinov's estimate in [20] for I m , see (1.5) below. Stability estimates in terms of the normal operator N m = I * m I m are established in [24] :
where M 1 M is some extension of M with g extended to M 1 as a simple metric. When m = 0, f s = f above. In [5] , this estimate was extended to the weighted transform I 0,κ , with κ never vanishing, under the assumption that the latter is injective, and even to more general geodesic-like families of curves without conjugate points. An analogous estimate for the weighted version of I 1 , assuming injectivity, is proved in [7] . Those estimates are based on the fact that N m is a ΨDO of order −1 elliptic on solenoidal tensor fields (or just elliptic for m = 0) and injective. The need to have M 1 there comes from the fact that the standard ΨDO calculus is not suited for studying operators on domains with boundary. On the other hand, ΨDOs satisfying the transmission condition can be used for such problems. In [12] , it is showed that N 0 does not satisfy the transmission condition but satisfies a certain modified version of it. Then one can replace M 1 by M in (1.4) for m = 0 at the expense of replacing H 1 by a certain Hörmander type of space. It is also shown in [12] that (1.4) does not hold with M 1 = M because when M is the unit disk in R 2 , for the function f 0 = (1 − |x| 2 ) −1/2 we have I e,0 f 0 = const., but f 0 ∈ L 2 . A sharp stability estimate for
on the orthogonal complement on the kernel is established in [8] ; see next section for the Sobolev norms we use.
The case m ≥ 2 is harder and the m = 2 one contains all the difficulties already. S-injectivity is known under an a priori upper bound of the curvature [22] and also for an open dense set of simple metrics, including real analytic ones [25] (and for a class of non-simple metrics, see [27] ). It was shown in [16] that I m is s-injectivity on arbitrary simple surfaces for all m ≥ 2. Under the curvature condition, Sharafutdinov [22] proved the stability estimate
, where j ν f equals f "shortened" by the unit normal ν and the spaces above are introduced in the next section. This estimate is of conditional type since f appears on the r.h.s. as well, and not sharp since one would expect I m f to be in some form of an H 1/2 norm, as in (1.2). In terms of the normal operator, a non-sharp stability estimate for I 2 was established in [25] ; and in [23] , the second author proved the sharp stability estimate (1.4) for m = 2:
The new ingredient in [23] was to use the Korn inequality estimating v
The main result of this paper is a sharp estimate of the kind (1.2), (1.3) (where g is Euclidean) for simple metrics and m = 0, 1, 2. Our starting point are the estimates (1.4) for m = 0, 1 and (1.6) for m = 2. First, we define H 1/2 Γ appropriately in an intrinsic for M way, i.e., without extending (M, g). Clearly, it cannot be H 1/2 (Γ) with some of the classical definitions because the function f 0 defined above would not satisfy the estimate, see Section 6. We parameterize the maximal unit geodesics in M in some neighborhood of the boundary by a point z on each one maximizing the distance to ∂M and a unit direction θ at that point, see also Figure 1 . One can view this as taking the the strictly convex foliation dist(·, ∂M ) = p, 0 ≤ p 1 first and then taking geodesics tangent to each such hypersurface. For this reason, we call it the foliation parameterization. One can extend it smoothly to geodesic in M 1 M , with g extended as a simple metric there, in a natural way. Then we define H 1/2 Γ as the subspace of H 1/2 0 (Γ 1 ) (where Γ 1 is as Γ but related to M 1 ), consisting of functions supported in Γ. We refer to section 3.1 for more details. The resulting space is independent of the extension (M 1 , g ). In section 6, we show that in the Euclidean case, this is equivalent to the parameterization of lines by Σ as in (1.2).
Our main results is the following.
Note that if κ is constant, or more generally related to an attenuation depending on the position only, then I 0,κ is injective [19] , and I 1 is injective, too [1] . Injectivity and stability of I 1,κ has been studied in [7] and the estimate there implies an estimate of the type above which we do not formulate. Conditions for injectivity of I 2 can be found in [22, 20, 26, 25, 30] .
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Preliminaries
Consider a simple manifold (M, g). Let SM := {(x, v) ∈ T M : |v| g(x) = 1} be its unit sphere bundle and ∂ ± SM be the set of inward/outward unit vectors on ∂M ,
where ν is the inward unit normal to ∂M . By dΣ 2n−1 we denote the Liouville volume form on SM and by dΣ 2n−2 its induced volume form on ∂ ± SM . Following [20] , we work with the Sobolev spaces
, for s ≥ 0, w.r.t. the measures dΣ 2n−1 and dΣ 2n−2 , respectively, defined in a standard way.
2.1.
Weighted Sobolev spaces on ∂ ± SM . In a similar way, we define the weighted Sobolev spaces on
, and H −s µ (SM ) := (H s µ,0 (∂ + SM )) * . We will need the following lemma which is an analog of [10, Theorem 3.40(i)].
2.2. Geodesics and scattering relation. One way to parameterize the geodesics going from ∂M into M is by the set
for the unique geodesic with x = γ x,v (0) and v =γ x,v (0). Here and in what follows, we set 
In particular, τ : ∂ + SM → R is smooth.
The scattering relation α g maps the point and direction of entrance of a geodesic to the point and direction of exit of that geodesic. In other words,
According to Lemma 2.2, α g is a diffeomorphism from ∂ + SM to ∂ − SM .
2.3.
The weighted geodesic ray transform and its adjoint. We write S m M for the bundle of symmetric covariant m-tensors on M . Let κ be a smooth function on SM . Then the weighted geodesic ray transform I m,κ f of f ∈ C ∞ (M ; S m M ) in (1.1) can be expressed as 
Consider the adjoint operator
where w ψ is the function on SM that is constant along geodesics and w ψ | ∂ + SM = w. Hence, we have
where
3. Folation parametrization and the corresponding Sobolev spaces 3.1. Parameterizations of the geodesic manifold. There are three main parameterizations of the set Γ of the maximal directed unit speed geodesics on a simple manifold (M, g). We include geodesics generating to a point corresponding to initial directions tangent to ∂M to make Γ compact; we call that set ∂Γ. We recall those three parameterizations below, and we include our foliation one for completeness. Note that the first three are global and their correctness is guaranteed by the simplicity assumption.
∂ + SM parameterization: by initial points and incoming directions. Each γ ∈ Γ is parameterized by an initial point x ∈ ∂M and initial unit direction v at x, i.e., by (x, v) ∈ ∂ + SM . We write γ = γ x,v (t), 0 ≤ t ≤ τ (x, v), where the latter is the lenght of the maximal geodesic issued from (x, v).
B(∂M ) parametrization: by initial points and tangential projections of incoming directions. Each γ ∈ Γ is parameterized by an initial point x ∈ ∂M and the orthogonal tangential projection v of its initial unit direction v at x, i.e., by (x, v ) ∈ B(∂M ), where B stands for the unit ball bundle. We write somewhat incorrectly γ = γ x,v .
∂M × ∂M parametrization: by initial and end points. Each γ ∈ Γ is parameterized by its endpoints x and y on ∂M . If we think of γ as a directed geodesic, then the direction is from x to y. We use the notation γ = γ [x,y] .
foliation parametrization: Near ∂Γ, let z be the point where the maximum of dist(γ, ∂M ) is attained, and let θ ∈ SM be the direction at z. We use the notation γ = γ(·, z, θ). Away from ∂Γ, we can use any of the other parameterizations. We give more details below.
Identifying Γ with the corresponding set of parameters, each one of them being a manifold, introduces a natural manifold structure on it. While those differential structures are different (near ∂Γ), the first two ones are homeomorphic. In the ∂ + SM and in the B(∂M ) parameterizations, Γ is a compact manifold with boundary ∂Γ. The boundary in the first one can be removed by allowing geodesics to propagate backwards. In the ∂M × ∂M one, Γ is a compact manifold without a boundary; then ∂Γ is an incorrect notation and it represents the diagonal. If we project the unit sphere bundle to the unit ball one in the standard way v → v , the resulting map is not a diffeomorphism up to the boundary, i.e., at v tangent to ∂M . The foliation parameterization makes Γ a manifold with a boundary ∂Γ as well but it allows a natural smooth extension of Γ to a smooth manifold of geodesic Γ 1 on an extended M 1 M , as we show below. In section 6, we compare those four parameterizations for the unit circle in R 2 .
We describe the foliation parameterization in more detail now. Fix a point q ∈ ∂M and assume that ∂M is strictly convex at q w.r.t. g. Let ∂M 1 be as above. We work in boundary normal coordinates near q in which q = 0 and x n is the signed distance to ∂M , non-negative in M . We can always assume that ∂M 1 is given locally by x n = −δ with some 0 < δ 1. Let Γ 1 be a small neighborhood of the geodesics tangent to ∂M at q extended until they hit ∂M 1 . Note that this includes geodesic segments which may lie outside of M . We will choose a parameterization of Γ 1 in the following way. First, since any geodesic γ ∈ Γ 1 hits ∂M 1 transversally at both ends when δ 1, we can parameterize γ by its initial point y ∈ ∂M 1 and incoming unit directions w or their projections w on T y ∂M 1 . Denote this geodesic by γ y ,w . The foliation parameterization of γ is by (z, θ), where z = (z , z n ) is the point maximizing the signed distance form γ to ∂M (regardless of whether γ is entirely outside M or hits ∂M ), and by the direction θ at z which must be tangent to the hypersurface x n = z n . In Figure 1 on the left, we illustrate this on an almost Euclidean looking example (which is more intuitive) and in the right, we do this in boundary normal coordinates. We call the corresponding geodesic γ(·, z, θ). Another way to describe the foliation parameterization, which explains it name, is to think of the hyperplanes Σ p := {x n = p}, |p| 1, as a strictly convex foliation near q. Then γ z,θ is the geodesic through z ∈ Σ z n tangent to it with unit direction θ ∈ S z Σ z n . This defines a natural measure on the set of (z, θ) which we may identify with Γ 1 given by d Vol z dµ θ , where dµ θ is the natural measure on S z Σ p . Then (z, θ) belongs locally to the foliation T Σ p , |p| 1 with p = z n , (z , θ) ∈ T Σ p . Let us compare the ∂ + SM parameterization by (y , w) ∈ ∂ + SM 1 to the B(∂M ) one by (y , w ). They are related by a diffeomorphism which becomes singular when w is tangent to ∂M 1 . Such almost tangent geodesics however do not hit M ; therefore when parameterizing If with supp f ⊆ M , those two parameterizations are diffeomorphic to each other. Proposition 3.1. Assume that ∂M is strictly convex at q. Then the map (y , w) → (z, θ) is a local diffeomorphism.
Proof. Let τ (y , w) be the travel time of the unit speed geodesic issued from (y , w) ∈ ∂ + SM 1 to z, i.e., τ maximizes γ n y ,w (τ ) locally. Then τ is a critical point, i.e.,γ n y ,w (τ ) = 0. Let γ y 0 ,w 0 be a geodesic tangent to ∂M at q = γ y 0 ,w 0 (τ 0 ) with some τ 0 . To solveγ n y ,w (τ ) = 0 for (y 0 , w 0 ) near (y , w), we apply the Implicit Function Theorem. Sinceγ n y 0 ,w 0
(τ 0 ) and the latter equals twice the second fundamental form at q, we get a unique smooth τ (y , w) with τ (y 0 , w 0 ) = τ 0 .
Since z = γ y ,w (τ (y , w)) and θ = γ y ,w (τ (y , w)) (the prime stands for the projection onto the first n − 1 coordinates in boundary normal coordinates), we get that (y , w) → (z, θ) is smooth.
To verify that the inverse map (z, θ) → (y , w) is smooth, it is enough to show that the travel time t(z, θ) at which γ z,θ (t) reaches ∂M 1 = {z n = −δ} is a smooth function as well. This follows easily from the fact that geodesics tangent to ∂M hit ∂M 1 transversely when δ 1.
3.2. Sobolev spaces. We recall that for s ≥ 0, there are several "natural" ways to define a Sobolev space when Ω ⊂ R n is a domain with a smooth boundary:
is the space of all u ∈ H s (R n ) supported inΩ, also equal to the completion of C ∞ 0 (Ω) in H s (R n ), also the space of all f which, extended as zero outsideΩ, belong to H s (R n ). We have H s Ω = H s 0 (Ω) for s not a half-integer, and H s Ω ⊂ H s 0 (Ω) in general; and H s 0 (Ω) = H s (Ω) for 0 ≤ s ≤ 1/2. Those definitions extend naturally to manifolds with boundary. We refer to [10] for more details.
In the (z, θ) coordinates, Γ is given by z n ≥ 0. For u supported in Γ, we define the Sobolev space H s Γ as H s Ω above. In particular, when s is a non-negative integer, identifying θ locally with some parameterization in R n−1 , we have locally
This norm is not invariantly defined but under changes of variables, it transforms into equivalent norms. Note that u above is considered as a function defined on Γ 1 but supported in Γ, as in the definition of H s Ω above. We make this definition global now. Without changing the notation, let Γ 1 be the manifold of all geodesics with endpoints on ∂M 1 , and let Γ be those intersecting M . We can choose an open cover of Γ consisting of neighborhoods of geodesics tangent to M as above, plus an open set Γ 0 of geodesics passing through interior points only, and having a positive lower bound of the angle they make with ∂M . In the latter, we take the classical H s norm w.r.t. the parameterization (y , w), for example. In the former neighborhood, we use the norms H s Γ defined above. Then using a partition of unity, we extend the norm H s Γ to functions defined in Γ 1 and supported in Γ. This defines a Hilbert space which we call H s Γ again. On the other hand, we have the space H s Γ (∂ + SM 1 ) of distributions on Γ defined through the parameterization of Γ given by (y , w) ∈ ∂ + SM 1 in a similar way: we define the H s norm for functions supported in the interior of Γ 1 first (the behavior near the boundary of Γ 1 corresponding to w tangent to ∂M 1 does not matter in what follows), and then define H s Γ (∂ + SM 1 ) as the subspace of those u ∈ H s (∂ + SM 1 ) which are supported in Γ.
Proposition 3.1 then implies the following. The main purpose of this section is to study the mapping properties of I m,κ , I * m,κ and the normal operator N m,κ := I * m,κ I m,κ .We start with the latter one. Proposition 4.1. Suppose (M, g) is a simple manifold, κ ∈ C ∞ (SM ), and m ≥ 0. Then N m,κ :
is bounded for all s ≤ 0. Proof. Our arguments mainly follow [8] . As before, we embed (M, g) into the interior of a simple manifold (M 1 , g) (the metric on M 1 is an extension of the metic on M ). We also extend κ smoothly to SM 1 and keep the same notation for the extension. We denote by I M 1 m,κ the geodesic ray transform on [5, 23] ), using [9, Theorem 18.1.13] we have boundedness of
where m χ is the multiplication by χ operator. Suppose now that f ∈ H s (S m M ). Then one can see that
) is bounded for all s ≤ 0. Combining all of these,
. The proof is thus complete.
Using this result, we now prove boundedness of I m,κ between appropriate spaces. Note that we only need s = 0 and M in L 2 (M ) replaced by M 0 M for our main result.
Proof. We start with the case s = −1/2. Take arbitrary f ∈ C ∞ (M ). Then by Proposition 4.1 (with s = −1/2),
.
We used here the fact that H 
is bounded. Next, we assume that s ≥ 3/2 is a half-integer. Let U ⊂ ∂ + SM be a domain with a local coordinate system (y 1 , . . . , y 2n−2 ). Then it suffices to prove the estimate
is bounded. By a direct calculation, similar to those performed in [20] to prove (4.2.13), we obtain
where κ σ are smooth weights, P σ are differential operators of order |σ| on M , and C α βγδ are constants. According to Lemma 2.2, the functions ∂ γ y τ are locally bounded. Using the fact that the scattering relation α g : ∂ + SM → ∂ − SM is a diffeomorphism and the boundedness of I m,κ :
In the last step we also used the boundedness of m . By compactness of ∂ + SM , this shows that
is bounded for all s ≥ 3/2 half-integers. The case of general s ≥ −1/2 follows by interpolation.
, and m ≥ 0. 
The case s = 0 follows by taking the dual of I m,κ : (b) Suppose w ∈ C ∞ (∂ + SM ) with supp(w) ⊆ K and s ≥ 1/2 is a half-integer. Let V ⊂ M be a domain with a local coordinate system (x 1 , . . . , x n ). Then it suffices to prove the estimate
by a direction calculation,
Using chain rule, it is not difficult to see that ∂ σ x w ψ = |ρ|≤|σ| c ρ (P ρ w) ψ , where P ρ are differential operators of order |ρ| on ∂ + SM and c ρ are functions on SM . The latter ones involve sums and multiplications of derivatives of components of γ x,v (−τ (x, −v)) andγ x,v (−τ (x, −v)). Since we assume that supp(w) ⊆ K, we involve only smooth derivatives of τ . Hence, each c ρ is smooth on SM . Using this expression of ∂ σ x w ψ and part (a), we can write
where κ σ ∈ C ∞ (SM ). This together with compactness of M imply boundedness of I * m,κ :
for all s ≥ 3/2 half-integers. For general s ≥ −1/2, apply interpolation.
Proof of the main theorem
Proof. The starting point are the stability estimates (1.4) for m = 0, 1 and (1.6) for m = 2, the latter due to the second author [23, Theorem 1] , valid for all symmetric 2-tensor field f ∈ L 2 (M ; S 2 M ). First we will replace N M 1 f H 1 (M 1 ) in the first inequality in (1.4), respectively (1.6), by If H The ∂ + SM parameterization of the same lines is given by initial points x ∈ S 1 and initial directions v ∈ S 1 . If we parameterize them by their polar angles ω x and ω v , respectively, the lines in this parameterization are given by l x,v = {ω x + sω v }, see Figure shows (with a specific choice of the orientation along the lines) that the two coordinate systems (r, ω) and (ω x , ω v ) are related by
. This is a boundary defining function of ∂Γ in the classical parameterizations; and in the foliation one, λ 2 is such a function. The corresponding Jacobians are given by
where we used the fact that cos(ω x − ω v ) = −λ. We see that the first one has one entry which blows up at r = 1 at a rate 1/λ, and that entry also equals the determinant; while the second one is smooth but it has a determinant λ vanishing of order one at λ = 0. The latter corresponds to v tangent to the boundary S 1 . In this parameterization, the boundary measure is λ dω x dω v while in the foliation one, it is dr dω. The factor λ is the determinant of the second Jacobian above but the derivatives after the change of the variables will be affected by the singularity. More precisely, ∂ ωx,ωv = −1/λ 1 0 1 ∂ r,ω , ∂ r,ω = −λ λ 0 1 ∂ ωx,ωv .
Therefore, none of the norms · Hs and · H s λ (∂ + SM ) is stronger (or weaker) than the other for s ≥ 0 integer unless s = 0 when · L 2 λ (∂ + SM ) ≤ C · L2 . Formally, one gets the same inequality for s ≤ 1/2 because then the factor λ in the measure seems to compensate for the singularity but we will not pursue this further.
In the B(∂M ) parameterization, we replace v by its tangential projection v . In our case, an elementary calculations shows that v = r. The B(∂M ) variables are therefore (ω x , r). Both Jacobians have determinants equal to −1 but they have singular entries at r = 1. The boundary measure in this case is dω x dr. Similarly, we get that none of the norms · Hs and · H s (B(∂M )) is stronger (or weaker) than the other one unless s = 0 when they are equivalent. In the ∂M × ∂M parameterization, if ω y is the polar angle of x (similarly to ω y ), then ω y = ω − arccos r and the Jacobians are given by ∂(ω x , ω y ) ∂(r, ω) = −1/λ 1 1/λ 1 , ∂(r, ω) ∂(ω x , ω y ) = 1 2 −λ λ 1 1 .
where we used the fact that = λ one can just take the inverse of the left-hand matrix to get the right-hand one. As we can see, the first Jacobian has singular entries and the second one has vanishing ones at r = 1, and a vanishing determinant there, as well. The boundary measure here is dω x dω y . As above, ∂ ωx,ωy = 1/λ 1 −1/λ 1 ∂ r,ω , ∂ r,ω = −λ λ 1 1 ∂ ωx,ωy .
Again, we see that none of the norms · Hs and · H s (∂M ×∂M ) is stronger or weaker than the other one unless s = 0 when they are equivalent. Therefore, none of the three classical parameterizations is diffeomorphic to the foliation one. The first two are also isometric to the foliation one; the last one is not but the determinant of the Jacobian cannot compensate for the singular factor in the Jacobian even in the definition of H 1 . We want to emphasize that here we are studying equivalence or not of norms of functions on Γ not restricted to the range of the ray transform. Also, the we establish the non-equivalence of the norms for s integer only. On the other hand, for the function f 0 (x) = (1 − |x| 2 ) −1/2 , we have that I 0 f 0 , which is constant, belongs to H 1 (∂ + SM ), H 1 (BM ), H 1 µ (∂ + SM ), H 1 (∂M × ∂M ) because it belongs to the L 2 versions of those spaces and it has a zero differential. Therefore, the estimate in Theorem 1.1(a) cannot hold with H 1/2 Γ replaced by the H 1/2 version of some of those spaces since f 0 ∈ L 2 (M ).
